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Abstract
We look at a heteroscedastic model which is linear in the expected
value and log-linear in the variance and show that a particular structure
of the models for expected value and variance, leads to an unbounded
likelihood and possibly failing model fits. We show that a bounded
likelihood is obtained when certain degrees of freedom are removed
from the model for the variance. We develop an algorithm to identify
these. Our ideas are illustrated with a numerical example.
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Introduction

Modeling a data set sometimes calls for heteroscedasticity [6]. For example, at Posthuma Partners we have experienced that heteroscedastic models
can significantly improve the description of insurance-claims data over their
homoscedastic counterparts [7, 9].
One of the simplest heteroscedastic models is a Gaussian model which is
linear for the expectation value and log-linear for the variance [1, 17, 16]. We
call this the LMVAR model and give a detailed definition in the next section.
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It is our experience that fitting a LMVAR model is not as straightforward
as fitting a classical linear model. Although a successful LMVAR fit can
yield better results than a classical linear fit, attempts to fit a data set
to an LMVAR model fail quite frequently, with the software returning an
error or warning message. The software we use is R [12], in particular the
public domain package ’lmvar’ [11] which was written by the current author.
However, the phenomenon also occurs with another R-package capable of
treating the LMVAR model: ’dglm’ [4].
Fit-routines typically search for the maximum likelihood. In this paper,
we describe that the maximum likelihood of an LMVAR model is undefined
if the models for the expected value and for the variance have a specific
structure. We show that the characteristics of this structure match what
we see in an example of a failing fit. We present a way to restore the existence of a maximum likelihood and show that this stabilizes the previously
failing fit. Presumably, a similar mechanism as for LMVAR exists for other
heteroscedastic models as well.
All our numerical calculations were carried out on a laptop with an Intel
Core i5-6200U processor and 16GB RAM.
In the next section we describe the LMVAR model. In Section 3, we
give a numerical example of a model that does not fit. We describe the
conditions under which the likelihood is not bounded from above in Section
4. The mathematical background for an algorithm is given in Section 6. In
Section 7, the algorithm is developed, which is demonstrated in Section 8
for the numerical example introduced in Section 3. Section 9 discusses some
aspects of the algorithms efficiency and its complexity class. Alternative
approaches are discussed in Section 10. Conclusions are given in Section 11.
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The LMVAR Model

The LMVAR model is defined by
Y ∼ Nn (µ, Σ),

(1)

[1] with Y ∈ Rn the response variable, Nn the multivariate Gaussian distribution, µ ∈ Rn the expected value of Y and Σ ∈ Rn,n the diagonal covariance
matrix
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The model for µ is linear
µ = Xµ βµ

(3)

with Xµ ∈ Rn,pµ a matrix of explanatory variables and βµ ∈ Rpµ the parameter vector of betas for µ, while the σi have a log-linear model


log σ1
 .. 
(4)
 .  = Xσ βσ
log σn
with Xσ ∈ Rn,pσ and βσ ∈ Rpσ .
The two matrices are called the model matrices or design matrices. We
assume both are full-rank. We also assume that the parameter vectors βµ
and βσ are estimated as maximum-likelihood estimators when fitting a data
set to the LMVAR model.

3

Numerical Example, Part 1

As a numerical example, we take a design matrix X and a response vector y
originating from the study of an insurance portfolio. The vector has 34,511
observations, the matrix has 188 columns and includes an intercept term
(that is, a column in which each matrix element is equal to 1). Except for
the intercept term and six other columns, all columns represent factor-levels:
the matrix elements in those columns are either 0 or 1. The value 1 appears
at least 21 times and at most 34,127 in any of those columns.
We fit the response vector to an LMVAR model with Xµ = X and
Xσ = X. Using the ’lmvar’ package, the fit is returned together with two
warnings: one warning which indicates that the iterative process ran into
trouble and one warning that the final log-likelihood is not at a local or
global maximum. The ’dglm’ package returns an error and no fit.
If we take the fit obtained with the ’lmvar’ package, we notice some
unusual things. First, Table 1 lists the four smallest and the four largest
elements of the result for βσ . There are two values that are unlikely large
in absolute value compared to the other values. Second, Figure 1 shows the
fitted values of σ for all observations. Observation 32,072 stands out with
an incredibly small value for σ.

4

An Unbounded Likelihood

We argue that the convergence problems of the previous section are caused
by a likelihood which diverges to infinity for ever more extreme values of βσ .
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Figure 1: The fitted standard deviations for all observations. The value
for observations 32,072 (indicated by the arrow and shown in red) is much
smaller than for any other observation.
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element

value

94
1
141
38
..
.

-9.10536
-0.07228
-0.00071
-0.00010
..
.

93
88
72
87

0.00202
0.00203
0.00205
9.10698

Table 1: The four smallest and the four largest elements of the maximumlikelihood estimate of βσ . The first column shows the index of the vector
element, the second column the element-value. Element 1 corresponds to
the intercept term in Xσ .
The log-likelihood is
n

n

X
X (yi − µi )2
n
log L = − log(2π) −
.
log σi −
2
2σi2
i=1

(5)

i=1

It will diverge to plus infinity if one or more of the σi go to zero while the
corresponding residuals yi − µi are zero (or go to zero quickly enough). This
is the only way the divergence can come about. It means there must be a
(non-empty) subset S1 of all n observations and a βµ0 such that yi = µ0i for
all i ∈ S1 (with µ0 = Xµ βµ0 ). The log-likelihood as a function of this βµ0 and
some βσ0 takes the form
X
X


n
log L(βµ0 , βσ0 ) = − log(2π) −
Xσ βσ0 i −
Xσ βσ0 i
2
i∈S1

i∈S2

X (yi − µ0 )2

i
−
exp −2 Xσ βσ0 i . (6)
2
i∈S2

The most straightforward way to establish the divergence is to construct a
0 }∞ such that
sequence {βσj
j=1
X
X

 j→∞
0
0
Xσ βσj
+
X
β
−−−→ −∞
(7)
σ
σj
i
i
i∈S1

i∈S2
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while
0
Xσ βσj


i

> B for all i ∈ S2 and all j

(8)

for some, possibly negative, bound B. Condition (7) requires that at least
one of the components of βσj diverges with increasing j whereas condition
(8) requires that Xσ βσj remains bounded from below for all elements in S2 .
Such a sequence exists if the sub-matrix of Xσ obtained by removing all
rows in S1 , is rank-deficient. It can be seen as follows. To ease the notation,
take S1 to be the first n1 rows in the vector of observations Y and the model
matrices Xµ and Xσ . The remaining n2 rows (with n1 + n2 = n) form the
set S2 . Split the vector of observations and the model matrices accordingly:

 



yS1
Xσ1
Xµ1
(9)
Y =
, Xσ =
, Xµ =
Xσ2
Xµ2
yS2
with yS1 ∈ Rn1 , yS2 ∈ Rn2 , Xµ1 ∈ Rn1 ,pµ , etc.
As discussed, we assume there exists a βµ0 such that yi = µ0i for all
i ∈ S1 . Because Xσ2 is rank-deficient, there exists a βσ0 with βσ0 6= 0 such
that Xσ2 βσ0 = 0. In terms of our matrices:
  

 


Xµ1 βµ0
yS1
v
Xσ1 βσ0
0
0
.
(10)
=
Xµ βµ =
=
and Xσ βσ =
µ0S2
0
Xσ2 βσ0
Xµ2 βµ0
Pn1
Pn
0
Because Xσ is full-rank, v 6= 0. Now,
i=1 (Xσ βσ )i =
i=1 vi ≡ s.
Unless it happens to be that s = 0, we can always choose the sign of βσ0 such
that s < 0. The residuals yS2 − µ0S2 play no further role.
Now
X (yi − µ0 )2 L→∞
n
i
log L(βµ0 , Lβσ0 ) = − log(2π) − Ls −
−−−−→ ∞.
2
2

(11)

i∈S2

Besides the sequence {Lβσ0 } with L → ∞, any sequence {Lβσ0 + βˆσ } with an
arbitrary βˆσ ∈ Rpσ will also give the desired divergence of the log-likelihood.
If the set of observations can not be split in a subset S1 and a subset
S2 such that the residuals can be made to vanish in S1 and Xσ2 is rankdeficient, one can sill obtain a log-likelihood which is not bounded from
above under slightly relaxed conditions for Xσ2 . We still need yS1 = µ0S1 .
But it is sufficient that there exists a βσ0 such that
X
X


Xσ βσ0 i +
Xσ βσ0 i < 0
(12)
i∈S1

i∈S2
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and
Xσ βσ0



> 0 for at least one i ∈ S2

(13)

= 0 for the remaining i ∈ S2 .

(14)

i

while
Xσ βσ0


i

Note that if (Xσ βσ0 )i = 0 for all i ∈ S2 , Xσ2 is rank-deficient and we are in
the scenario discussed before.
The condition yi = µ0i for all i ∈ S1 , implies that the number of observations in S1 can be at most of the order pµ . In the common situation that
n  pµ , S2 will have many more observations than S1 . If there is a sizable
fraction of elements i ∈ S2 for which (Xσ βσ0 )i > 0, it is hard to satisfy (12).
Numerical routines calculating maximum-likelihood estimators for βµ
and βσ typically use an iterative algorithm in which the estimators are improved with each iteration. One would expect that in the situation described
in this section, the components of the estimator for βσ diverge further with
each iteration while the residuals in S1 shrink to zero and the standard
deviations in S1 either shrink to zero or diverge, depending on the sign of
vi . At some point, numerical instabilities will thwart the iterative process,
presumably leading to an abnormal termination.

5

Restoring the Bound on the Maximum Likelihood

The situation described in the previous section occurs when the removal
of no more than about pµ rows from Xσ , results in a matrix that is rankdeficient. The observations that are removed form the set S1 and we assume
that the set of equations Xµ1 βµ0 = yS1 has a solution for βµ0 . A strategy one
can follow is to remove degrees of freedom (columns, that is) from Xσ such
that the removal of the rows no longer leads to a rank-deficient matrix. This
assumes there is no compelling reason to stay with those degrees of freedom
for σ. An operational procedure to do this is as follows.
• Identify the rows which removal makes Xσ rank-deficient. Check that
there exists a βµ0 such that the residuals of the observations corresponding to the rows are zero.
• Remove the rows from Xσ (which is now rank-deficient) and make it
full-rank again by removing appropriately chosen columns.
7
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• Reinsert the rows in Xσ .
Given that we know how to make a rank-deficient matrix full-rank, that
leaves us with the task of identifying rows which make Xσ rank-deficient
when they are removed. The author is not aware of any practical method to
accomplish this. A brute-force search for such rows will only be feasible for
models with very few observations. For example, for our numerical example
with 34,511 observations, looking for combinations of merely two rows would
bring one to inspect nearly 6 × 108 combinations of rows. Clearly, a more
sophisticated approach is needed.
In the next section, we establish mathematical results that help us to
develop such an approach.

6

Mathematical Background

We employ the following definitions and notations. A matrix X ∈ Rn,p is
called left-orthogonal if X T X = I where I ∈ Rp,p is the identity matrix. The
columns of a left-orthogonal matrix form an orthonormal set. The matrix
is therefore full-rank and p ≤ n.
Let X ∈ Rn,p . With R̂i1 ,...,im X we denote the matrix X with its rows
i1 , . . . im removed. R̂i1 ,...,im X ∈ Rn−m,p and, obviously, the row-numbers i1 ,
. . . ,im must be all different and refer to existing rows in X.
The range (also called the ’column space’ or ’image’) of a matrix X is
denoted as Im(X). The kernel (also called the ’null-space’) of a matrix X
is denoted as Ker(X). The rank of a matrix is denoted as rank(X).
The vector ei is the i-th standard Euclidean basis vector of Rn . Its vector
elements are
(
0 j 6= i
(ei )j =
.
1 j=i
The norm ||v|| of a vector v ∈ Rn is the Euclidean norm
q
||v|| = v12 + · · · + vn2 .
We also recall the following result [8]. Let X ∈ Rn,p with p ≤ n be a
full-rank matrix. X can be decomposed as X = QR with Q ∈ Rn,p a leftorthogonal matrix and R ∈ Rp,p a full-rank upper-triangular matrix. This
is called the QR-decomposition of X. Each column vector in Q is defined
uniquely up to a sign. Given the signs, R is defined uniquely.
We now develop the mathematical results we need. First, we develop a
criterion for the rank-deficiency of a matrix with rows removed
8
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Lemma 1. Let X ∈ Rn,p with p ≤ n − m be a full-rank matrix. Then,
R̂i1 ,...,im X is rank-deficient iff there exists a linear combination l = λ1 ei1 +
· · · + λm eim with λi ∈ R such that l 6= 0 and l ∈ Im(X).
Proof. Let R̂i1 ,...,im X be rank-deficient. There exists a v ∈ Rp with v 6= 0
such that (R̂i1 ,...,im X)v = 0. Therefore Xv = λ1 ei1 + · · · + λm eim with
Xv 6= 0 because X is full-rank and v 6= 0.
Conversely, let l = λ1 ei1 + · · · + λm eim with l 6= 0 and l ∈ Im(X). Xv = l
for some v ∈ Rp with v 6= 0. Then (R̂i1 ,...,im X)v = R̂i1 ,...,im (Xv) = 0 which
shows that R̂i1 ,...,im X is rank-deficient.
Next, observe that rank-deficiency of R̂i1 ,...,im X is equivalent to rank-deficiency of R̂i1 ,...,im Q.
Lemma 2. Let X ∈ Rn,p with p ≤ n−m be a full-rank matrix. Let X = QR
be a QR-decomposition of X. Then, R̂i1 ,...,im X is rank-deficient iff R̂i1 ,...,im Q
is rank-deficient.
Proof. Let R̂i1 ,...,im X be rank-deficient. According to Lemma 1, there exists
a linear combination l = λ1 ei1 +· · ·+λm eim with l 6= 0 and l ∈ Im(X). That
is, there exists a v ∈ Rp such that Xv = QRv = l. This shows l ∈ Im(Q)
and hence R̂i1 ,...,im Q is rank-deficient.
Conversely, let R̂i1 ,...,im Q be rank-deficient. There exists a linear combination l = λ1 ei1 + · · · + λm eim with l 6= 0 and l ∈ Im(Q). Note that R is
full-rank and therefore invertible. Hence Qv = XR−1 v = l for some v ∈ Rp .
This shows l ∈ Im(X) and hence R̂i1 ,...,im X is rank-deficient.
We now develop a criterion to identify the matrix-rows which reduce the
matrix rank upon their removal.
Lemma 3. Let Q ∈ Rn,p with p ≤ n − m be a left-orthogonal matrix. Let
{i1 , . . . , im } be a set of rows of Q. Let R̂j1 ,...,jk Q be full-rank for any subset
{j1 , . . . , jk } $ {i1 , . . . , im }. Then R̂i1 ,...,im Q is rank-deficient iff the matrix
 T

qi1 qi1 . . . qiT1 qim
 ..
.. 
..
 .
.
. 
qiTm qi1

...

qiTm qim

has an eigenvalue 1, where qi ∈ Rp is the i-th row-vector of Q.
Proof. Let R̂i1 ,...,im Q be rank-deficient. According to Lemma 1, there exists
a linear combination l = λ1 ei1 + · · · + λm eim with l ∈ Im(Q). That is,
9
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there exists a v ∈ Rp such that Qv = l. According to the conditions of
the lemma, none of the λi can be zero. Suppose, as an example, λ1 = 0,
then R̂i2 ,...,im Qv = λ1 ei1 = 0, showing R̂i2 ,...,im Q would be rank-deficient,
which is not allowed. From Qv = l, we know qiTj v = λj . Because Q is
left-orthogonal, v = QT l = λ1 qi1 + · · · + λm qim . Combining results we have
λj = λ1 qiTj qi1 + · · · + λm qiTj qim . Hence the matrix of the lemma has an
eigenvalue 1 with eigenvector (λ1 , . . . , λm )T .
Conversely, let the matrix of the lemma have an eigenvalue 1. There is
an eigenvector v ∈ Rm with v 6= 0. Let w = v1 qi1 + · · · + vm qim . Then
Qw =

n
X


qjT (v1 qi1 + · · · + vm qim ) ej

j=1
n
X

= v 1 e i1 + · · · + v m e im +


qjT (v1 qi1 + · · · + vm qim ) ej .

j=1
j ∈{i
/ 1 ,...,im }

We define
w1 = v1 ei1 + · · · + vm eim
n
X

w2 =
qjT (v1 qi1 + · · · + vm qim ) ej
j=1
j ∈{i
/ 1 ,...,im }

such that Qw = w1 + w2 . Note that
w = QT Qw
= QT w1 + QT w2
= v 1 qi1 + · · · + v m qim + Q T w2
= w + QT w2 .
In other words
QT w2 = 0.
Because Ker(QT ) = ⊥Im(Q) (where ⊥Im(Q) is the set of vectors perpendicular to all vectors in Im(Q)), w2 ∈ ⊥Im(Q). Because (w1 + w2 ) ∈ Im(Q),
w1 + w2 is perpendicular to w2 , that is w1T w2 + w2T w2 = 0. From their
definitions, w1 ⊥ w2 and therefore we conclude that w2T w2 = 0 which means
that w2 = 0.
We conclude that w2 = 0 and Qw = w1 = v1 ei1 + · · · + vm eim . Because
||w1 || = ||v|| =
6 0, w1 6= 0. Lemma 1 now asserts that R̂i1 ,...,im Q is rankdeficient.
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For the case of 1 row, the lemma states that the removal of row vector qi
lowers the rank of Q iff ||qi || = 1. This can be understood if one realizes that
qiT qi is a diagonal element of the symmetric, idempotent matrix QQT . If a
symmetric, idempotent matrix has a diagonal element equal to 1, the other
elements on the same row (or column) are equal to zero. Hence qiT qj = 0
for all j = 1, . . . , n with j 6= i if qiT qi = 1. In other words: the row vector qi
is perpendicular to all other row vectors if ||qi || = 1.
For the sake of completeness, we emphasize that the matrix rank reduces
by 1 under the conditions of the lemma.
Lemma 4. Let Q ∈ Rn,p with p ≤ n − m be a left-orthogonal matrix. If
R̂i1 ,...,im Q is rank-deficient for a set of rows {i1 , . . . im } while R̂j1 ,...,jk Q is
full-rank for any subset {j1 , . . . , jk } $ {i1 , . . . , im }, then rank(R̂i1 ,...,im Q) =
p − 1.
Proof. Remove all row vectors qi1 , . . . , qim from the set {q1 , . . . qn } except
qim . According to the conditions of the lemma, the remaining set still contains p linear independent row vectors. Removal of qim can reduce the
number of linear independent row vectors by at most 1.
It is noteworthy hat the eigenvalue 1 that appears in Lemma 3, is an
extreme value. This notion is developed in the following two lemmas.
Lemma 5. Let Q ∈ Rn,p be a left-orthogonal matrix. Then
sup ||QT v|| = 1.
v∈Rn
||v||=1

The supremum is obtained iff v ∈ Im(QQT ) with ||v|| = 1.
Proof. Calculate the supremum of ||QT v||2 = v T QQT v under the constraint
||v||2 = v T v = 1 using a Lagrange multiplier
L(v, λ) = v T QQT v + λ(1 − v T v).
The supremum is taken by a stationary point of L. Its stationary points are
given by
∇v L = 2QQT v − 2λv = 0
∇λ L = 1 − v T v = 0
hence the stationary points (vi , λi ) are given by all eigenvalues λi of QQT
with vi an element of the eigenspace of λi and ||vi || = 1. At a stationary
11
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point (vi , λi ), ||QT vi ||2 = viT QQT vi = λ2i viT vi = λ2i . Hence the supremum
is taken by the eigenvalue of QQT which has the largest absolute value.
Call this eigenvalue λmax . Because QQT is idempotent, its only possible
eigenvalues are 0 and 1, hence λmax = 1 unless the corresponding eigenspace
is equal to {0} [8]. Because the eigenspace corresponding to the eigenvalue
1 of an idempotent matrix is the range of the matrix, the eigenspace is
Im(QQT ). Im(QQT ) would be equal to {0} iff all column-vectors of QQT
would be equal to 0. That would require that qiT qi = 0, that is qi = 0, for
all row vectors qi . Hence it would require that Q = 0. This can obviously
not be the case, which completes the proof.
Lemma 6. Let Q ∈ Rn,p be a left-orthogonal matrix. Let {qi1 , . . . , qim } be
an arbitrary subset of the set of row vectors {q1 , . . . , qn } of Q. If λ is an
eigenvalue of the matrix
 T

qi1 qi1 . . . qiT1 qim
 ..
.. 
..
 .
.
. 
qiTm qi1

...

qiTm qim

then λ ≤ 1.
Proof. Let A be the matrix defined in the lemma. If B ∈ Rm,p is the matrix
 T
qi1
 .. 
B =  . ,
qiTm

A = BB T . Av = λv for an eigenvector v in the eigenspace corresponding to
λ. Hence
||B T v||2
v T Av
.
λ= T =
v v
||v||2
This shows
λ ≤ sup ||B T v||2 .
v∈Rm
||v||=1

Lemma 5 shows that the norm of any linear combination
row vectors of
P of
2
Q (under the constraint that the coefficients vi satisfy i vi = 1) is at most
1. Therefore the norm of the linear combination B T v is also bounded by
1.
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7

Algorithm

We now return to the task of finding a way to identify the rows which lower
the rank of Xσ when removed. To make use of lemma 3, the first step is
to calculate the QR-decomposition Xσ = QR. The removal of m rows from
Q lowers the rank of Q (and hence of Xσ , c.f. lemma 2) iff the matrix
defined in lemma 3 has an eigenvalue 1. Let’s call this matrix the ’criterion
matrix’. The matrix is positive semi-definite and
P therefore all eigenvalues
λi are bounded from below as λi ≥ 0. Hence i λi ≥ 1 if the removal of
the rows lowers the rank. The sum of the eigenvalues
to the trace
P is equal
T q ≥ 1. We can
of the matrix. Hence the trace must be at least 1: m
q
j=1 ij ij
limit our search for a combination of m rows to those combinations of rows
which
this criterion. Because 0 ≤ qiT qi ≤ 1 for all row vectors qi and
Pn satisfy
T
i=1 qi qi = p, this will be a useful criterion in many cases.
The algorithm is now as follows.
1. Calculate the QR-decomposition of Xσ
2. Calculate the norm of each row vector of Q and sort the row vectors
in order of decreasing norm. Let {q(1) , . . . , q(n) } be the sorted set, that
is, ||q(1) || ≥ ||q(2) || ≥ · · · ≥ ||q(n) ||.
3. Look for a single row which lowers the rank of Q upon removal, while
there exists a βµ0 such that the residual of the corresponding observation is zero (such a βµ0 normally always exists). If you find one, remove
an appropriately chosen column from Xσ such that removing the row
does not make Xσ rank-deficient and return to step 1. If you do not
find a single row, go to the next step.
4. Look for a combination of two rows which lower the rank of Q upon
removal, while there exists a βµ0 such that the residuals of the corresponding observations are zero. If you find such a combination, remove
an appropriately chosen column from Xσ such that removing the rows
does not make Xσ rank-deficient and return to step 1. If you do not
find a combination of two rows, go to the next step.
5. Continue with combinations of three, four, five, etc. rows as long as
no combination is found.
6. Once you can not find any combination anymore, the Xσ you have
obtained can not lead to a diverging log-likelihood in the way described
in section 4.
13
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Looking for a single row in step 3 is easy: if ||q(1) || < 1, there is no such
row. If ||q(1) || = 1, removal of the row-vector will lower the rank of Q and
it remains to be checked if there exists a βµ0 such that the residual of the
corresponding observation is zero. That will be the case if the corresponding
row in Xµ has at least one element unequal to zero.
Looking for a combination of m rows with m = 2 in step 4 and m =
3, 4, 5, . . . in step 5, works as follows. Start with combination (1, 2, 3, . . . , m)
as the current combination in the iteration described in the next paragraph.
Suppose the current combination is (j1 , j2 , . . . , jm ). If it happens to be
that (j1 , j2 , . . . , jm ) = (k + 1, . . . , k + m) for some k and ||q(j1 ) ||2 + · · · +
||q(jm ) ||2 < 1, there are no combinations of m rows which lower the rank of
Q upon removal. Assume (j1 , j2 , . . . , jm ) 6= (k+1, . . . , k+m) for all k. Check
if ||q(j1 ) ||2 + · · · + ||q(jm ) ||2 < 1. If so, continue with the next combination. If
not, check if the criterion matrix has an eigenvalue 1 and if there exists a βµ0
such that the residuals of the observations in the combination are zero. If it
meets these two requirements, a combination of rows has been identified. If
it does not, continue with the next combination.
If the current combination is (j1 , j2 , . . . , jm ), the next combination is
obtained by increasing the counter at the largest possible position with 1,
staying within the requirement 1 ≤ j1 < j2 < · · · < jm ≤ n. All following
counters, if any, must be reset to a value one larger than the preceding
counter. As an example for m = 2, starting with (1, 2), the next combination
is (1, 3), then (1, 4) etc. until (1, n), after which follow (2, 3), (2, 4) etc. until
(2, n), after which follow (3, 4), (3, 5) etc. As another example, for m = 3, if
the current combination is (1, 3, 5), the next ones will be (1, 3, 6), (1, 3, 7),
... until (1, 3, n) after which come (1, 4, 5), (1, 4, 6), etc. After (1, n − 1, n),
comes (2, 3, 4).
The iteration for a given m stops when one encounters a combination
matching the criteria, or one arrives at a combination (k+1, k+2, . . . , k+m)
for some k with ||q(k+1) ||2 + · · · + ||q(k+m) ||2 < 1, or one has reached the
combination (n − m + 1, n − m + 2, . . . , n).

8

Numerical example, Part 2

We return to the numerical example of section 3. The observations we made,
carry some of the traits of the situation described in section 4: components
87 and 94 of βσ that become unusually large, and a standard deviation that
becomes very small for a well-defined set of observations (in this case a set
of only one observation, observation 32072). Because components 87 and 94

14

Failure to fit a heteroscedastic model

0.6
0.0

0.2

0.4

Norm

0.8

1.0

Norms of row vectors

0

5000

10000

15000

20000

25000

30000

35000

Observation

Figure 2: The norms of all the row vectors ||qi || of Q of the QRdecomposition of X. Observations 32,072 (indicated by the arrow and shown
in red) is the only one for which the norm is 1.

15

Failure to fit a heteroscedastic model

are nearly of equal size but of opposite sign, this suggests that the vector
e87 − e94 is an element of Ker(R̂32072 X). That is indeed the case, as can be
checked by a direct calculation.
Carrying out the QR decomposition of X and plotting the norm of the
row-vectors qi of Q, shows that ||q32072 || = 1, see Fig. 2.
Following the algorithm, we remove a degree of freedom from X such
that R̂32072 X is no longer rank-deficient. This degree of freedom is a matrix
column in which 157 matrix elements have a value 1 and the other elements
are 0. Call the resulting matrix X1 ∈ R34511,187 .
Continuing the algorithm, we calculate the QR-decomposition of X1 .
This time, ||q(1) ||2 + · · · + ||q(4) ||2 < 1 hence there is no single row and no
combination of 2, 3 or 4 rows which makes X1 rank-deficient if removed.
However, ||q(1) ||2 + · · · + ||q(5) ||2 > 1 and the criterion matrix constructed
from the corresponding observations has an eigenvalue 1 while there is also
a βµ0 such that the residuals of those observations are zero. Hence we found
a combination of 5 rows meeting both criteria. They are pointed out in Fig.
3
The algorithm removes one degree of freedom from X1 to make sure that
taking out the 5 rows doesn’t give a rank-deficient matrix. This degree of
freedom is a column in which 34,022 matrix elements are equal to 1 and the
other ones are 0. Call the resulting matrix X2 ∈ R34511,186 . Calculating the
QR-decomposition of this matrix, we now find that ||q(1) ||2 +· · ·+||q(10) ||2 <
1 which means that up to and including combinations of 10 rows, there are
no combinations which lower the rank of Q if they are removed. ||q(1) ||2 +
· · · + ||q(11) ||2 > 1 and the algorithm checks 7,122,025 combinations of 11
rows before finding that ||q(6) ||2 + ||q(7) ||2 + · · · + ||q(16) ||2 < 1 and hence also
no combination of 11 rows qualifies. Note that the 7,122,025 combinations
are a tiny fraction of the order 10−36 of all possible combinations of 11 rows
from the 34,511 matrix rows. However, the observations corresponding to
q(1) , . . . , q(12) qualify: the corresponding criterion matrix has an eigenvalue
1 and there exists a βµ0 such that the residuals are zero. The 12 observations
are pointed out in Fig. 4. They lead to X3 ∈ R34511,185 .
Continuing the algorithm, checking combinations of 13 rows took longer
than we were willing to wait. Keeping in mind that it took many hours to
check combinations of 11 rows, we terminated the search for a combination
of 13 rows after about 3 hours. This shows that looking for combinations
with many rows can still be too time-consuming, even with the filtering of
combinations that we have developed. For example, we did not find the
combination of 21 rows which, upon removal, lowers the rank of X (X has
a column with 21 elements equal to 1 and all other elements equal to 0).
16
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Figure 3: The norms of all the row vectors ||qi || of Q of the QRdecomposition of X1 . The 5 row vectors which lower the rank of Q when
removed, are indicated by arrows and shown in red. The leftmost 3 of these
5 are so close together that they are indistinguishable at the scale of the
figure.
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Figure 4: The norms of all the row vectors ||qi || of Q of the QRdecomposition of X2 . The 12 row vectors which lower the rank of Q when
removed, are indicated by arrows and shown in red. The right arrow points
to a cluster of 11 points.

18

Failure to fit a heteroscedastic model

Nevertheless, the algorithm is a vast improvement compared to a brute-force
search.
If we once again try to fit the model, now taking Xµ = X and Xσ =
X1 both the ’lmvar’ and the ’dglm’ package return a fit without errors or
warnings. The two fits yield nearly identical estimates for βµ and βσ (apart
from a factor 2 in the latter, because βσ is defined as log σ 2 = Xσ βσ in the
’dglm’ package). The relative difference is at most 0.8% for the elements in
βµ and at most 4% for the elements in βσ . There are no betas that stand out
as remarkably large in absolute value. The ’lmvar’ fit gives σ32072 = 0.92,
very much in line with the other observations.
It is a little surprising that both packages carry out the fit without
problems for Xσ = X1 . The log-likelihood is still unbounded for the triplet y,
Xµ = X and Xσ = X1 and ideally, an attempt to calculate the maximimumlikelihood estimators for βµ and βσ must fail. Apparently, the iterative
methods used by the packages converge to a local maximum of the loglikelihood. It is intuitively clear why it can be difficult to discover a diverging
log-likelihood: as L → ∞ in (11), the residuals yi − µi in the set S1 must be
kept at the order of σi , otherwise the log-likelihood will not be large. Because
at least one of the σi will go to zero, the region in βµ -space in which the
divergence can be observed, shrinks to zero for some of the components of
βµ as L becomes larger.

9

Computational Complexity

Our algorithm addresses the problem: given a full-rank matrix of size n × p
with n ≥ p, find a set of rows which is as small as possible and lowers the rank
of the matrix when the rows are removed. The numerical example shows
that our algorithm is good at finding a set of m rows when m is small, but
not so when m is large. Given that the average ||qi ||2 of the norms in Figure
2 is 0.005, one expects that any set of about 200 rows has a good change of
meeting the criterion that the sum of the norms squared must be at least
1. Indeed, taking random samples of sets of rows shows that if the set has
250 rows or more, the probability of meeting the criterion is virtually 1. For
combinations of that many rows, nearly each combination meets the criterion
and the algorithm is not more efficient than a brute-force search through all
possible combinations. In practice, we already hit our computational limits
at a set size of 13 rows. Although the probability that a set of 13 rows
meets the criterion is only 0.0004 (calculated by taking random samples of
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34511
= 2 × 1049 is such that
13
the number of combinations meeting the criterion is prohibitively large.
A problem of a similar nature, determining the spark of a matrix, has
been proven to be NP-hard [14, 18] and the same may be true for our
problem. Our algorithm is not much better than checking all possible combinations of size m when m is large enough. This appears to be a trait
of NP-hard problems. A formal treatment of the complexity-class of our
problem is non-trivial and beyond our scope.
13 rows), the total number of combinations

10

Alternative Solutions

The problem of an unbounded likelihood happens in other systems as well.
Examples are models with a three-parameter probability-density function
(p.d.f.) in which one of the parameters is the boundary of the half-space on
which the p.d.f. is defined, and models of Gaussian mixtures, as discussed by
[10]. They mention two alternatives to maximum-likelihood estimation: the
maximum product of spacings (MPS) method [13, 2, 3, 19] and an approach
in which the likelihood is replaced by a ’discretized’ version.
In the context of the LMVAR model, the MPS method works as follows:
given a βµ and βσ , calculate the z-scores zi = (yi − µi )/σi and order them in
increasing magnitude z(1) ≤ z(2) ≤ · · · ≤ z(n) . Calculate the n + 1 distances
Di , defined as Di = Φ(z(i) ) − Φ(z(i−1) ) with Φ the cumulative distribution
function of the standard normal distribution, z(0) = −∞ and z(n+1) = ∞.
Estimate βµ and βσ as the values which maximize the logarithm of the
geometric mean of the spacings D1 , . . . , Dn+1 .
We tried the method on a generated data set of 5000 observations with
few degrees of freedom. It works reasonably well with pσ = 1, a classical linear model. However, taking for example pµ = 2 and pσ = 2 we found it hard
to obtain acceptable estimates for especially βσ . Using various optimization
algorithms available in the base-R function ’optim()’, we obtain estimates
βσ = (−0.77, 0.12), (−0.56, −0.09) and (−0.75, 0.34) where the exact value is
βσ = (−1.1, 0.8). The maximum-likelihood estimator is βσ = (−1.11, 0.79).
This experiment convinced us that the MPS method is not a straightforward
alternative to likelihood maximization for an LMVAR model. It might be
useful in the case of a diverging likelihood, but it does require careful study.
The second alternative mentioned in [10], is to replace the likelihood L
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by
0

Z

L (βµ , βσ ; y, ∆) =

y1 + 12 ∆1

y1 − 12 ∆1

dy10 · · ·

Z

yn + 12 ∆n

yn − 12 ∆n

dyn0 L(βµ , βσ ; y 0 ).

L0 no longer represents a probability density but rather the probability that
each observation i is in the range (yi − 21 ∆i , yi + 12 ∆i ). It will therefore
never diverge. The choice of ∆ influences the resulting maximum-likelihood
estimates. For example, once most of the probability mass for observation
i is in the interval (yi − 12 ∆i , yi + 21 ∆i ), the contribution of this observation
to log L0 can not increase much anymore and it becomes uninteresting to
improve the model for this observation. Hence the effect of the ∆i on the
resulting estimators must be studied in some detail.
As a third alternative, one could add a penalty term to the log-likelihood.
This term must prevent theP
likelihood to grow unbounded. In our case, one
can imagine a term like −λ ni=1 (1/σi ) with λ > 0. An extreme case of such
a penalty term is to calculate the maximum-likelihood estimates under the
constraint that all σi must have a value larger than a minimum value.
This can be tested with the ’lmvar’ package which allows the application
of this constraint. We constrained σi > σmin for all observations i and three
values of σmin . With σmin = 0.001, ’lmvar’ exits with a warning that the
iteration limit has been exceeded and that the likelihood is not at a (local
or global) maximum. The first warning means that the iteration did not
converge to a solution within 200 steps. If we increase the iteration limit
to 400 steps, the iteration converges but the resulting solution is still not at
a maximum of the likelihood. If we accept this (because we know that the
maximum is unbounded), we find that the fit gives σ32072 = 0.001001, which
suggests that the fit makes σ32072 as small as possible while converging as
close as possible to the unbounded likelihood situation.
Taking σmin = 0.1, again makes ’lmvar’ exit with the warning that the
likelihood is not at a maximum. The fit gives σ32072 = 0.101. Taking
σmin = 0.5 and setting the iteration limit to 400 steps, ’lmvar’ exists with
the same warning. The fit now gives σ32072 = 0.50005.
We conclude that setting a lower bound on the σi , results in a solution
that is as close to the unbounded likelihood situation as allowed by the
bound. The choice of the bound has a significant influence on the resulting
fit.
Closely related is a Baysian approach in which a conditional probability
P (βµ , βσ |Y ) is constructed and maximized over βµ and βσ :
P (βµ , βσ |Y ) =

P (Y |βµ , βσ )P (βµ , βσ )
.
P (Y )
21
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with P (Y |βµ , βσ ) the multivariate Gaussian distribution (1) and the prior
P (βµ , βσ ) chosen suitably. Taking logarithms, the relation with the maximization of the log-likelihood with a penalty term, can be seen:
log P (βµ , βσ |Y ) = log L + log P (βµ , βσ ) − log P (Y )
with log P (βµ , βσ ) a penalty on improbable values of the parameter vectors
βµ and βσ and log P (Y ) independent of the parameter vectors.
Finally, shrinkage methods such as ridge regression or lasso, are yet
another form of maximizing the log-likelihood under a penalty term. They
can suppress the unbounded growth of the log-likelihood and are a potential
alternative to the approach taken in this paper. As far as we know, there
are no R-packages supporting a shrinkage method for the LMVAR model.
Because an efficient implementation of shrinkage methods is non-trivial [5,
20], such methods are not readily available for the this model.

11

Conclusions

We have shown that for particular model matrices Xµ and Xσ , the loglikelihood of an LMVAR model is unbounded, which in turn can result in a
failing model-fit. The case we studied, is when the removal of not-too-many
observations from Xσ makes the matrix rank-deficient, while the residuals of
the removed observations can be made zero and the product of the estimated
standard deviations of the removed observations is not equal to 1. In this
case, the bound on the log-likelihood can be restored by removing specific
degrees of freedom from Xσ . We have developed an algorithm to identify
these degrees of freedom. These degrees are related to the combinations
of matrix-rows that make Xσ rank-deficient when removed. Our algorithm
efficiently finds these combinations as long as they contain relatively few
rows. Looking for combinations with many rows, our algorithm is not more
efficient than a brute-force search.
Removing degrees of freedom associated with combinations of a few rows,
might already produce a successful fit, even though not all troublesome
combinations have been found and the likelihood is still unbounded. Our
numerical example shows this. Such a fit must be to a local maximum of
the likelihood, as there is no global maximum. It is a question whether
the properties of this fit are satisfactory, and whether there are other local
maxima that can give alternative estimators.
We did not discuss whether an unbounded likelihood must be considered
a finite-size effect, which in some sense vanishes when the number of obser22
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vations grows. Adding rows to Xµ that are identical to one of the existing
rows, and likewise for Xσ , as a way of increasing the number of observations will not help. The added rows increase the size of set S2 but do not
change the null-space of the matrix Xσ2 . Also, a vector βµ0 which makes the
residuals in the set S1 vanish, will continue to do so.
Even if an unbounded likelihood is in some sense a finite-size effect, it
can still hamper the fit of an LMVAR model in not-so-small models. In our
numerical example, it was one observation of the 34,511 that prevented a
fit.
Another question is whether heteroscedastic models such as the heteroscedastic genereralizations of GLIM models [17, 16, 15] exhibit a similar
mechanism.
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